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Introduction
Random effects models are increasingly used in the biomedical field and have proved to be adequate tools for the study of repeated measurements collected on a series of subjects (see e.g. Davidian and Giltinian, 1995 , Pinheiro and Bates, 2000 , Nie and Yang, 2005 , Nie, 2006 , 2007 .
Such mixed models are defined through a hierarchical structure where, first, a distribution describes the intra-individual variability and, second, a distribution describes the inter-individual variability. In stochastic differential equations (SDEs) with random effects, the dynamics of each individual is given by a SDE with drift and/or diffusion coefficient depending on parameters, and the parameters of each SDE are random variables thus taking into account the variability between individuals. To be more precise, consider the following one-dimensional SDE modeling a continuous evolution for N subjects: (1) dX j (t) = b(X j (t), φ j )dt + σ(X j (t), φ j )dW j (t), X j (0) = x j , j = 1, . . . , N.
Here, x 1 , . . . , x N are known values, (W 1 , . . . , W N ) are independent standard Brownian motions, φ 1 , . . . , φ N are i.i.d. random variables and (W 1 , . . . , W N ) and (φ 1 , . . . , φ N ) are independent. Each process (X j (t)) represents an individual and the random variable φ j represents the random effect of individual j. The functions b(x, ϕ), σ(x, ϕ) are supposed to be known and statistical inference is mainly concerned with the common unknown distribution of the random effects φ j . In several recent contributions, a parametric model is proposed for the latter distribution and various numerical as well as theoretical results have been obtained concerning maximum likelihood estimation (see e.g. Ditlevsen Nonparametric estimation in the context of random effects models has been recently investigated for linear discrete time models (see e.g. Comte and Samson, 2012) . To our knowledge, the problem of nonparametric estimation of the population distribution (distribution of φ j ) has not been yet investigated in the context of SDEs with random effects. In this paper, we study this topic in two special cases of (1) . First, a multiplicative random effect in the drift: (2) dX j (t) = φ j b(X j (t))dt + σ(X j (t))dW j (t), X j (0) = x j , j = 1, . . . , N.
Second, an additive random effect in the drift:
(3) dX j (t) = (φ j + b(X j (t)))dt + σ(X j (t))dW j (t), X j (0) = x j , j = 1, . . . , N.
The functions b : R → R and σ : R → R are known. We assume that the random variables φ 1 , . . . , φ N have a common density f on R and that the processes (X j (t)) are continuously observed on a time interval [0, T ] with T > 0 given. We build a series of nonparametric estimators of the density f from the observations {X j (t), 0 ≤ t ≤ T, j = 1, . . . , N } which are either kernel or deconvolution estimators. We study the L 2 -risk of the proposed estimators and discuss their asymptotic properties as N tends to infinity. We distinguish the case of fixed T and the case of T = T (N ) tending to infinity with N . In view of practical implementation, the case of discrete observations (X j (kδ), 0 ≤ k ≤ n, j = 1, . . . , N ), with nδ = T is studied. Numerical simulation results using discretized sample paths for various models are given. Section 2 concerns model (2) . For large T , we propose a kernel estimatorf (1) h of f . The bound of its L 2 -risk shows that T = T (N ) ≥ N 3 ensures the possibility of obtaining the usual optimal rates on Nikol'ski classes of regularity for f . Section 2.2 is devoted to the special case b = σ. Using an approach analogous to the one in Comte and Samson (2012) , we build a deconvolution estimatorf (2) m and discuss its properties for fixed and large T . Then, under the condition T = T (N ) = N 2 , a special class of deconvolution estimators (f τ , τ ≤ N 2 ) is introduced.
We propose a data-driven selection of the parameter τ which is non standard and leads to an adaptive estimator (Theorem 1). Section 3 concerns model (3) . We follow an analogous scheme. The model assumptions and the constraints on T are weaker. First, a kernel estimatorf (4) h is proposed which attains usual optimal rates for T = T (N ) ≥ N 5/2 . Then, for T = T (N ) = N 2 a class of deconvolution estimators (f τ , τ ≤ N 2 )) and a data-driven selection of τ are studied.
In view of practical implementation, we consider the case of discrete observations with small sampling interval δ and check that the estimators can be adapted to this case (Section 4). This is used indeed in Section 5, devoted to numerical simulation on various models: the kernel and the adaptive deconvolution estimators are implemented. The results are satisfactory, even when the condition T (N ) = N 2 is not fulfilled. In Section 6, model properties are investigated in the general framework of (1) or in the special cases of (2) and (3) . Some concluding remarks are given in Section 7. Proofs are gathered in Section 8.
Multiplicative random effect in the drift
We consider in this section model (2) where ϕ belongs to R and b and σ are known functions satisfying:
(H1) b and σ are Lipschitz:
. . , N, a.s. The processes (W 1 , . . . , W N ) and the r.v.'s (φ 1 , . . . , φ N ) are defined on a common probability space (Ω, F, P). Consider the filtration (F t , t ≥ 0) defined by F t = σ(φ j , W j (s), s ≤ t, j = 1, . . . , N ).
The random variables φ i are F 0measurable. Under (H1), equation (2) admits a strong solution adapted to the filtration (F t , t ≥ 0) (see Proposition 8) . Assumption (H2) is clearly fulfilled, for instance, if σ is lower bounded. Following Delattre et al. (2012) , we may now introduce statistics which have a central role in the estimation procedure. For j = 1, . . . , N , we denote
Then, equation (2) yields:
In this paragraph, we consider the asymptotic framework where both N and T tend to infinity. And, in addition to (H1)-(H2), we assume:
The statistic A j,T coincides with the maximum in ϕ of the conditional likelihood of (2) given φ j = ϕ. From (5), we see that A j,T = φ j + M j (T )/V j (T ) (see e.g. Delattre et al. (2012) ). The second term is the ratio of a martingale divided by its quadratic variation, which under (H3), tends to zero a.s. when T tends to infinity. Thus, A j,T is a consistent estimator of the random variable φ j . To deal with expectations, we need the following stronger assumption implying (H3): (H4) There exist positive constants c 0 , c 1 such that
As A j,T approximates φ j , we introduce a kernel estimator for the unknown density f of φ j :
where K is integrable with K(u)du = 1, C 1 and satisfies
where K ′ denotes the derivative of K and . the L 2 -norm. We define f h = f ⋆ K h where ⋆ denotes the convolution product.
Proposition 1. Consider estimatorf (1) h given by (6) under (H1), (H2), (H4) and (7) . Then
The proof of Proposition 1, as all other proofs, is relegated to Section 8. Under weak regularity assumptions on f , f − f h 2 tends to zero when h tends to zero. The estimating method is consistent, as soon as 1/(N h) + 1/(T h 3 ) tends to zero. Since N is the number of i.i.d. observed trajectories, we now look at the rate of the L 2 -risk expressed as a function of N and thus let T and h be expressed as functions of N . We recall that a kernel of order ℓ satisfies x k K(x)dx = 0 for k = 1, . . . , ℓ. For constants β > 0 and L > 0, the Nikol'ski class N (β, L) is defined by:
The following Corollary holds Corollary 1. Assume that f belongs to N (β, L) and that the kernel K has order ℓ = ⌊β⌋ with |x| β |K(x)|dx < +∞. Under the condition
we have
. We give here the classical discussion implying Corollary 1. If f belongs to N (β, L) and if the kernel K has order ℓ, then f − f h 2 ≤ C 2 h 2β with C = L |u| β |K(u)|du/ℓ! (see Tsybakov, 2009 ). For the first two terms in the r.h.s. of (8), the classical rate-optimal compromise imposes that h ∝ N −1/(2β+1) thus implying h 2β + 1/(N h) ∝ N −2β/(2β+1) . Fitting the last term with this rate requires that 1/(T h 3 ) ≤ N −2β/(2β+1) . This holds for T ≥ N (2β+3)/(2β+1) . The conditions in (9) yield the rate (10) .
The constraint on T is satisfied for any nonnegative β if T ≥ N 3 . If β ≥ β 0 for some known β 0 , we only require T ≥ N (2β 0 +3)/(2β 0 +1) . Even if β is very large, we always need T /N tends to infinity when N tends to infinity.
With T = T (N ) ≥ N 3 , an adaptive selection of the bandwidth h could be done relying on the method described in Goldenshluger and Lepski (2011).
2.2.
The special case b = σ for fixed T . The following approach is inspired by the discrete time model studied in Comte and Samson, 2012 . Indeed, when b = σ, the variables in (4) and equation (5) reduce to:
Assume that T is fixed and let ∆ be a sampling interval to be discussed later. For k = 1, . . . , K, t k = k∆, T = K∆, we consider the following random variables based on observations
Using a Gaussian deconvolution, we define the estimator:
where m is a cutoff which should be chosen adaptively.
Recall some standard notations. For possibly complex-valued functions g, h ∈ L 2 (R) ∩ L 1 (R), we denote by g * (u) = e iux g(x)dx the Fourier transform of g, by g, h = g(x)h(x)dx the 
m (x)) = f m (x). We have the following result.
Proposition 2. Consider the estimatorf
(2) m given by (12) . We have
The bound of the L 2 -risk is classically split into the sum of a bias term f − f m 2 and a variance term, itself the sum of two expressions (last two terms in the r.h.s. of (13)). Let us discuss the possible best choice of ∆ for fixed T . Do we have interest to take small ∆? The function ∆ → ∆ 2 e (πm) 2 /∆ decreases for ∆ ≤ π 2 m 2 /2, increases for ∆ ≥ π 2 m 2 /2 and thus admits a unique minimum reached at π 2 m 2 /2. As m has to be large (for the bias to be small), the choice of ∆ minimizing ∆ 2 e (πm) 2 /∆ is excluded. Consequently, with fixed T ≥ 1, the best choice of ∆ ≤ 1 is just ∆ = 1. It follows that the dominating variance term is ∝ (e (πm) 2 /m)/N . This is the standard order of variance in nonparametric deconvolution when measurement errors are Gaussian. We refer to e.g. Comte et al. (2006) for defining the adequate adaptive choice of the cut-off m.
In view of the next section, let us consider the case of a large T . Then, we can choose a large ∆ if T ≥ (πm) 2 /2. With ∆ = (πm) 2 /2 and T ≥ (πm) 2 /2,
The two variance terms thus have the same order m/N which is standard in density estimation without noise. For instance, for ∆ = T, K = 1, πm = √ T , the estimator (12) is equal to:
The variance term in its L 2 -risk bound is simply (3e/2) √ T /N + m/N . This suggests the choice T (N ) ∝ N 2 as adequate.
2.3. Estimation in the case b = σ for large T . In the case of large T , with b = σ, the previous discussion indicates that T = T (N ) should be proportional to N 2 . Let us assume, for simplicity, that T = T (N ) = N 2 . The discussion also suggests to introduce a new class of estimators defined bŷ
based on the observed processes
Then, we proceed to build an adaptive choice of τ , among the integer values {1, . . . , N 2 }. Note that the class of estimators (f τ ) presents a non standard feature as the parameter τ appears not only as a cut-off parameter for deconvolution but also inside the integral. The following risk bound holds when τ is fixed.
Then,
√ τ ] . The bias term above is:
Regularity spaces usually considered in deconvolution setting are Sobolev balls defined by:
Clearly, if f belongs to C(a, L):
Thus, the bias-variance compromise is obtained for τ of order N 2/(2a+1) . The resulting rate is proportional to N −2a/(2a+1) . Evidently, as a is unknown, this choice of τ cannot be done.
Therefore, we now define the data-driven selection of τ . With κ a constant to be specified later, let
As in Goldenschluger-Lepski method (see reference [9] ),Γ τ is a data-driven estimation of the bias term f − f τ 2 while pen(τ ) corresponds to the variance term. The choice ofτ is thus done to minimise the bias-variance compromise.
Recall
where C is a numerical constant (C = 7) and C ′ is a constant.
Theorem 1 states that the bias-variance compromise is automatically achieved by the adaptive estimatorfτ without knowledge of the regularity of f .
The condition T (N ) = N 2 may appear rather strong, but can be weakened if some knowledge on the regularity of f is available. For instance, assume that f ∈ C(a, L) with a ≥ 2. Then the optimal τ has order N 2/(2a+1) ≤ N 2/5 . Therefore, the condition T (N ) = N 2 can be replaced by T (N ) = N 2/5 .
2.4.
Miscellaneous remarks. The two strategies described sections 2.1 and 2.2 have links. Under (H1) and (H4), f can be as well estimated using deconvolution as follows:
This estimator corresponds to a kernel estimator as (6) with K(x) = sin(πx)/(πx) (not fulfilling (7) ) and bandwidth h = 1/m and is also a possible estimator of f in the special case b = σ. The risk is then bounded as follows.
Proposition 4. Consider the estimator given by (19) under (H1) and (H4). We have
Compared with Proposition 1, the bound in (20) is analogous to (8) . In the special case b = σ, the risk bound off (1) h is unchanged. On the contrary, the bound off (3) m in (21) contains an additional bias term (middle term in the r.h.s. of (21) ) which allows to weaken the constraints on T . For instance, if |u| 4 |f * (u)| 2 du < +∞, which is true if f ∈ C(a, L) for a ≥ 2, the new term is negligible as soon as T ≥ √ N . Thus, if the regularity index of f is larger than 2, rates of density estimation without noise can be attained. If we have no knowledge at all on the behaviour of |f * (u)| 2 , we can only use that |f * (u)| ≤ 1 and get the order m 5 /T 2 which is better than m 3 /T .
Additive random effect in the drift
We study in this section model (3), under (H1). (3), we set:
Large time strategy. Relying on Equation
and define the estimator
The risk off (4) h is slightly different than the risk off (1) h of Section 2.
Proposition 5. Consider estimatorf (4) h given by (22) under (H1) and (23). Assume moreover that σ 2 (x) ≤ σ 2 1 , ∀x ∈ R. Then
The discussion of Corollary 1 can be done here. Consider that f belongs to the Nikol'ski class N (β, L) and that the kernel has order ℓ = ⌊β⌋ with |x| β |K(x)|dx < +∞. If we impose that h ∝ N −1/(2β+1) , we get a rate proportional to N −2β/(2β+1) plus a term of order
. This constraint holds for any nonnegative β if T ≥ N 5/2 . Note that this constraint is weaker than forf (1) h and the result holds under weaker assumptions for the model.
3.2.
Fixed step strategy using increments. The method using increments with a sampling interval ∆ is possible here. Using (3) yields,
Note that, in the above formula, we use a "stochastic deconvolution" to build the estimator. The following risk decomposition holds. Proposition 6. Consider estimatorf (5) m given above under (H1). Assume moreover that
Then
The same discussion as after Proposition 2 can be done here. As above, we can define another class of estimators depending on a cutoff parameter τ and build an adaptive choice of it. Let
We define
Theorem 2. Assume (H1) and T (N ) = N 2 . Assume moreover that σ 2 (x) ≤ σ 2 1 , ∀x ∈ R. Then there exists a numerical constantκ such that:
where C is a numerical constant and C ′ is a constant.
The additional factor log(N ) in the penalty pen is due to the fact that σ(x) is not constant. It implies a logarithmic loss in the rate. More precisely, if f ∈ C(a, L), the infimum in the right-hand-side of (27) is of order
If σ(x) is constant, this factor log(N ) in the penalty is not needed.
Remark 1. The study of Section 3 can be done under weaker assumptions on σ including the case where a random effect is present in the diffusion coefficient too, say σ(x, ψ) provided that sup t≥0 E(σ 2 (X j (t), ψ j ) = σ 2 1 < +∞.
Discretizations
In practice, only discrete time observations of (X j (t)) are available. We investigate now this context and assume that for a small sampling interval δ, the observations are (X j (kδ)) 1≤k≤n , with T = nδ. In estimators of Sections 2 and 3, we replace all ordinary and stochastic integrals based on the continuous time observations by their usual discrete approximations using the discrete data. This procedure is classical. To avoid unnecessary repetitions, we only deal with the estimators built in Section 3.
We replace the Z j,T 's by the usual approximation:
and define the estimator based on discrete observations:
Analogously, for τ ≤ T , set:
The following proposition holds:
(1) Let the kernel satisfy (7) and (23). Then,
where C is a constant not depending on τ, δ.
Let us give some comments on the assumption sup s≥0 E[b 2 (X j (s))] < +∞. It holds obviously if the drift b is bounded. Otherwise, it may be linked with the existence of a stationary distribution for model (3), but it will be checked directly in the examples below. Repeating all steps of Theorem 2, we can define a data-driven choiceτ δ of τ and prove that the corresponding estimator fτ δ ,δ satisfies an inequality analogous to (27).
Numerical simulation results.
In this section, we consider three models of multiplicative or additive form.
Model (1) . Geometric Brownian motion: The computation of the kernel estimator is fast as we only need the terminal variable U j (T ), which has an explicit form for model (1) . The bandwidth is selected by the R-function density,
Kernel estimator
Deconvolution estimator f first column gives 25 estimated densities with N = 50, T = 300 for the kernel estimator. In the last two columns, we have N = 200, T = 300, for the kernel (column 2) and the deconvolution (last column) estimators. Clearly, increasing N improves the result as expected. Note that the methods work well even for T /N not very large. Looking at the last two columns, we see that the deconvolution method seems less biased but with a greater variability than the kernel method. Especially, for a bimodal distribution, the deconvolution methods works well, even better than when the individual parameter φ j are directly observed (dotted line). Nevertheless, the deconvolution method is more time consuming as we need to compute all the U j (τ ) for 1 ≤ τ ≤ T .
Model (2) . Ornstein-Uhlenbeck process with multiplicative random effect:
This model satisfies (H1)-(H2) but not (H4). Nevertheless, it is a classical model. We use the explicit solution:
We use exact simulations of the X j (kδ) with δ To compute the kernel estimatorf (1) h , we replace U j (T ) and V j (T ) by their usual discrete approximations using discrete data X j (kδ). The method works well as illustrated by Figure 2 where 25 estimated densities are plotted. Indeed, the graphs are comparable to those obtained from a sample of directly observed φ j (bold dotted curves). Again, T /N need not be very large.
Model (3):
Ornstein-Uhlenbeck process with additive random effect:
log-normal mixed gamma mixed Gaussian The solution is:
Hence,
Provided that Eφ 2 j < +∞, E(X 2 j (t)) ≤ 3((x j ) 2 + Eφ 2 j + σ 2 ). All assumptions of Section 3 are satisfied. For this model, we use exact simulations of the X j (kδ) with δ = 1 for N = 200 and T = 400, with σ = 1 and x j = 0. The distributions of the random effects are: lognormal log N (1, 0.1 2 ), mixed gamma 0.4 Γ(3, 0.08) + 0.6 Γ(30, 0.035), and mixed Gaussian 0.5 N (0.5, 0.25 2 ) + 0.5 N (1.8, 0.25 2 ).
The computation of the kernel estimatorf (4) h,δ only requires the discretized terminal variablê Z j,T while the deconvolution-type estimatorfτ δ ,δ requires all the variablesẐ j,τ for 1 ≤ τ ≤ N 2 , see Proposition 7. The deconvolution-type estimatorfτ δ ,δ is computed with constantκ calibrated through preliminary simulation experiments toκ = 10. Figure 3 (25 estimated densities) illustrates the kernel method (first line) and the deconvolution method (second line). The deconvolution method has a great variability but captures well the two modes of the bimodal distributions. On the contrary, the variability band for the kernel estimators is thiner but seems to miss the height of the two modes.
Model properties.
In this section, we detail some properties of model (1), give some interpretations of our assumptions and look at links between model (2) and (3). 6.1. Existence and uniqueness of strong solutions. We consider N real valued stochastic processes (X j (t), t ≥ 0), j = 1, . . . , N , with dynamics ruled by (1) 
with ϕ → L(ϕ) continuous.
Under (A) or (B), for all ϕ, and all x j ∈ R, the stochastic differential equation
admits a unique strong solution process (X ϕ,x j j (t), t ≥ 0) adapted to the filtration (F t , t ≥ 0). Let C(R + , R) be the space of continuous functions on R + , endowed with the Borel σ-field associated with the topology of uniform convergence on compact sets. The distribution of X ϕ,x j j (.) is uniquely defined on this space. Now, we can state:
• Under (A) or (B), for j = 1, . . . , N , equation (1) admits a unique solution process (X j (t), t ≥ 0), adapted to the filtration (F t = σ(φ j , W j (s), s ≤ t, j = 1, . . . , N ), t ≥ 0) such that the joint process ((X j (t), φ j ), t ≥ 0) is Markov and there exists a measurable functional
such that X j (.) = F . (φ j , x j , W j (.)).
Given that φ i = ϕ, the conditional distribution of (X j (t), t ≥ 0) is identical to the distribution of the process (X ϕ,x j j (t), t ≥ 0). The processes (X j (t), t ≥ 0), j = 1, . . . , N are independent.
• Under (A), if moreover, for k ≥ 1, E(|φ i | 2k ) < ∞, then, for all T > 0, sup t∈[0,T ] E[X j (t)] 2k < ∞.
6.2. Assumption (H4). Let us discuss some implications of Assumption (H4). Under (H4), the function b 2 /σ 2 is non null. If we combine (H4) with the assumption that 0 < σ 2 0 ≤ σ 2 (x) ≤ σ 2 1 , ∀x ∈ R, then, we can assume that both b and σ are positive and satisfy:
Proposition 9. Let X i be given by (2) , X j (0) = x j , j = 1, . . . , N under (H5). Then, the process X i is transient in the sense that:
6.3. Links between the multiplicative and the additive model. In some cases, the multiplicative model can be transformed into an additive model by a change of function.
Proposition 10. Assume that the drift function in model (2) is C 1 and satisfies, for some
The result follows from a standard application of the Itô formula. Consequently, (2) can be treated as (3) after the change of function when b(·) is lower bounded b y a positive constant.
Concluding remarks
In this paper, we consider N i.i.d. processes (X j (t), t ∈ [0, T ]), j = 1, . . . , N , where the dynamics of X j is described by a SDE including a random effect φ j . The nonparametric density estimation of φ j is investigated in two specific models ((2)-(3)) where the diffusion coefficient does not contain the random effect. The drift term is either multiplicative (b(x, ϕ) = ϕb(x)) or additive (b(x, ϕ) = φ + b(x)). We build kernel and adaptive deconvolution-type estimators and study their L 2 -risk as both N and T = T (N ) tend to infinity. Under the theoretical condition that T (N )/N tends to infinity rather fast, the estimators attain the usual optimal rates. Nevertheless, numerical simulation results on several models show that, in practice, T (N )/N needs not be very large. Extensions of the present work to models with a more general drift are on going work.
Proofs

Proof of Proposition 1.
Classically,
The last term is the usual variance term and is bounded by
The first term is a usual bias term. The specific term is the middle one. We note that f h (x) = E(K h (x − φ 1 )) and we apply the Taylor Formula with integral remainder:
As
m ) * 2 , and the random vectors (U j,k ) 1≤k≤K are independent and identically distributed for j = 1, . . . , N (see (11) ), we get
(e iuU j,k e u 2 /∆ − E(e iuU j,k e u 2 /(2∆) ))
Looking at (11), we can see that, for k = k ′ , cov(e iuU 1,k , e iuU 1,k ′ ) = 1 − |f * (u)| 2 e −u 2 /∆ and for k = k ′ , cov(e iuU 1,k , e iuU 1,k ′ ) = (1 − |f * (u)| 2 )e −u 2 /∆ .
Plugging this in (38) yields
Plugging (39) into (37) gives (13) .
We now bound ∆(m). First
Integrating by part and using that v → e v 2 /v 2 is nondecreasing for v ≥ 1 imply
Therefore we get
As f * m = f * 1 [−πm,πm] , f − f m 2 = (2π) −1 |u|≥πm |f * (u)| 2 du, which ends the proof of (13) and thus of Proposition 2. 2 8.3. Proof of Proposition 3. The proof is close to the one of Proposition 2 and simpler. The following decomposition holds:
where
Var(e iuA 1,τ ) = 1 − |f * (u)| 2 e −u 2 /τ . Hence, This yields fτ − f 2 ≤ 3(Γ τ + pen(τ ) +Γτ + pen(τ ) + f τ − f 2 )
Then, for k ≥ τ :
Note that
Moreover, as the Fourier transforms off τ − f τ and f − f τ have disjoint supports,
It follows that, for k ≥ τ :
which in turn implies that
Therefore, gathering inequalities, we get
and
Consequently
).
Now, we use the Talagrand Inequality to prove the Lemma Lemma 1. Under the Assumptions of Theorem 1
This and Proposition 3 gives the result of Theorem 1. 2 Proof of Lemma 1. We have that
Note that:
The class of functions {ψ t , t ∈ S √ k , t = 1} is uniformly bounded as follows.
By inequality (40), we get that:
with c = 1 0 e v 2 dv/π. At last, let us determine the bound v.
Thus applying the Talagrand Inequality yields with ǫ 2 = 1/2 that:
where C 1 , C 2 , C 3 are positive constants. Thus for pen(k)/3 = 4H 2 , we get
We can choose the constant κ such that κ ≥ 12c. 2
Proof of Proposition 4.
We have
2π |u|≥πm |f * (u)| 2 du is the usual bias term. The additional bias term
By the Taylor formula,
Thus
Then, under (H4),
We obtain
T Using the Parseval equality, the variance term can be bounded as follows
Finally, we obtain the bound (20) .
The risk of the estimator, using repeatedly Parseval equality, is (4) h instead off (1) h and Z 1,
We apply the Taylor Formula with integral remainder:
)) = 0, and we obtain, using successively the Cauchy Schwarz and the Burkholder-Davis-Gundy inequalities,
8.7. Proof of Proposition 6. We know that exp(U t − U t /2) is a martingale if U is a martingale and E(e U t/2 ) < ∞. As σ 2 (x) ≤ σ 2 1 for all x, this implies that
has conditional expectation 1 given F (k−1)∆ . Since e iuφ j is F (k−1)∆ -measurable, we obtain that
.
Therefore E(f (5) m (x)) = f m (x) and we decompose the risk in the two usual terms
Then we have to compute
Then using that the terms under expectation are centered, we compute a variance with independent variables with respect to the index j:
Let us denote by M k = k∆ (k−1)∆ σ(X 1 (s))dW (s) and M k = k∆ (k−1)∆ σ 2 (X 1 (s))ds. Now, for k < ℓ, by conditioning as follows:
Gathering the last inequality and (42) gives the result of Proposition 6. 2 8.8. Proof of Theorem 2. The proof follows the steps of Theorem 1. We prove that
Then we obtain
Then we have to prove
To this end, we definẽ We find ψ t ∞ ≤M := e σ 2 1 /πk 1/4 ,
|ν N (t)| 2 ≤c √ k/N :=H 2 withc = 1 0 e σ 2 1 v 2 dv/π. The difference with the proof of Theorem 1 is that, here, we get nothing better thanṽ := NH 2 . This is why we take ǫ 2 = 3 log(N )/K 1 in the Talagrand Inequality. Then, choosing pen(k)/3 ≥ (1 + 2ǫ 2 )H 2 gives the result and the value of the constantκ. 2 8.9. Proof of Proposition 7. For the fisrt point, the proof is very close to the one of Proposition 5. The only difference is that the bias term includes an additional term due to the approximation of Z j,T byẐ j,T . We have:
Using the Cauchy-Schwarz inequality, we get:
It remains to study
Using again the Cauchy-Schwarz inequality and the fact that b is Lipschitz, say with constant L, yields:
we obtain:
Thus, E(Z j,T −Ẑ j,T ) 2 ≤ Cδ for some constant C which depends neither on T nor on δ. Second, we have:
Thus, we only deal with the additional term:
For δ < 1 ≤ τ , we can prove as above:
for some constant C which depends neither on τ nor on δ. Therefore, 
This clarifies the Markov property of the joint process (X j (t), φ j ) once we have proved existence and unicity of a strong solution. Moreover, the random effect φ j thus appears as an unobserved initial condition.
• Assumption (A) standardly implies that the above two-dimensional SDE admits a unique strong solution and that there exists a functional F such that X j (. Karatzas and Shreve (1997) p.310). The joint process ((X j (t), φ j (t) ≡ φ j ), t ≥ 0) is Markov. By the Markov property, for all ϕ, x j , the conditional distribution of (X
As (φ j , W j (.)) are independent, the processes (X j (.)) are independent. As (φ j , x j ) is the initial condition, the moment result follows.
• Assumption (A) does not cover the case of (2). This is why we also consider (B). Under (B), we proceed in several steps which are classically used to prove regularity w.r.t. an initial condition. Under (B), for all ϕ, equation (33) admits a unique strong solution. Therefore, there exists a measurable functional
such that X ϕ,x j j (.) = F . (ϕ, x j , W j ) is the unique strong solution of (33). Moreover, as the initial condition x j is deterministic, it holds that, for all integer k ≥ 1 and all T > 0,
We now prove that (43) is measurable as a function of (ϕ, x, w.).
Step 1 Let H be a compact subset of R d , we prove that for all x j ∈ R and all T > 0, where C(k) is a constant and ϕ → L T (k, ϕ) is continuous. We conclude by the Gronwall lemma that, for all t ≤ T , E sup u≤t (X(u)) 2k ≤ C T (k, ϕ),
where ϕ → C T (k, ϕ) is continuous. Thus, we get (44).
Step 2 We prove that
is continuous as a function R d → C(R + , R). Let H be a compact convex subset of R d and set, for ϕ, ϕ ′ ∈ H,
We have: Now, we proceed as in Step 1. We use the Hölder inequality, the Burkholder-Davis-Gundy inequality, the result (44) of Step 1 and finally the Gronwall lemma to obtain that, for all t ≤ T , is measurable. The conclusion of Proposition 8 follows.
8.11. Proof of Proposition 9. For the proof, we omit the index j in the notations. Consider a fixed value ϕ > 0 and introduce the process Y 0 (t) given by:
dY 0 (t) = ϕσ 0 c 0 dt + σ(Y 0 (t))dW (t), Y 0 (0) = x.
As ϕ > 0, ϕb(x) ≥ ϕσ 0 c 0 for all x. By the comparison theorem for one-dimensional SDEs (see e.g. Ikeda and Watanabe 1981, p.352), it holds that X ϕ,x (t) ≥ Y 0 (t) for all t ≥ 0. Thus, As 0 < R t 0 σ 2 (Y 0 (s))ds t ≤ σ 2 1 , we deduce that, a.s., lim inf t→+∞ X ϕ,x (t) t ≥ ϕσ 0 c 0 , hence lim t→+∞ X ϕ,x (t) = +∞. Analogously, for ϕ < 0, P(lim t→+∞ X ϕ,x (t) = −∞) = 1. For ϕ = 0, X 0,x (.) is a martingale such that < X 0,x > +∞ = +∞ 0 σ(X 0,x (s))ds = +∞ a.s.. Hence, P(lim inf t→+∞ X 0,x (t) = −∞, lim sup t→+∞ X 0,x (t) = +∞) = 1. Noting that Var(ψ(Y k )) ≤ v.
By standard density arguments, this result can be extended to the case where F is a unit ball of a linear normed space, after checking that f → ν n (ψ) is continuous and F contains a countable dense family.
